ABSTRACT. We define the crossed product of a C * -algebra by a hypergroup via a group coaction. We generalize the results on Hecke C * -algebra crossed products to our setting.
Introduction
A discrete Hecke pair is a pair (G, H) where G is a discrete group and H is a subgroup. It is assumed that every double coset HxH contains just finitely many left cosets [2] . Covariant representations (covariant pairs) of Hecke pairs [2] and corresponding C * -algebras [6] and crossed products [2] are studied. The idea behind a Hecke pair is that the group G acts on the homogeneous space G/H by translation and this action is used in the defining condition of covariant pairs.
The objective of this paper is to consider a more general situation where a discrete group G acts on a semi convo K and co-acts on a C * -algebra B, and to define the crossed product of B and K (via G) in this situation. This is based on the concept of C * -algebras of generalized Hecke pairs, introduced by the author in [1] . We show that each covariant representation in the sense of [1] could be integrated to a representation of the corresponding crossed product (Theorem 2.3). The cases of maximal coactions (Theorem 2.5) and dual coactions (Theorem 3.2) are dealt with separately.
Covariant representations
Let G be a discrete group, B be a C * -algebra, and
be a coaction of G on B, where M (C * (G)) is the multiplier algebra of C * (G). Let K be a discrete semi convo with the corresponding hypergroupK of quotients [1] and γ R : G × K → K be a right action of G on K [1] . Given t ∈ G and a ∈ K, we write a · t for γ R (t)(a). We use a ∈ K to denote the characteristic function χ a of the singleton {a} as an element in c 0 (K), and δ a to denote the characteristic function χ a as an element in 2 (K). Following Echterchoff and Quigg [4] , let us consider the spectral subspaces
where G is embedded into M (C * (G)) via universal representation. The spectral subspaces form a Fell bundle B over G, and the direct product B × K is a Fell bundle over the transformation groupoid G × K. The * -algebra Γ c (B × K) of compactly supported sections of the latter bundle could be identified with span (x, a) : x ∈ B, a ∈ K . It has a universal enveloping C * -algebra [7] , which is denoted by B δ,γ K and is called the Following Kumjian [7] , for a Fell Bundle D = {D x } over a discrete groupoid G with the * -algebra Γ c (D) of finitely supported sections, a homomorphism of D into a C * -algebra C is a map φ : D → C which is linear on each fiber, and multiplicative (whenever it makes sense), and preserves adjoints (in [7] , the groupoid is r-discrete, and the homomorphisms are also assumed to be continuous in an appropriate sense). A representation of D on a Hilbert space H is a homomor- Going back to our setup, we consider the case where G = G × K and D = B×K. We assume that G·e = K and take a minimal set J ⊆ G of representatives such that each a ∈ K is of the form t · e, for a unique t ∈ J. Given a ∈ K, consider the set J a = {t ∈ J : e · t = a}, where e is the identity of K [1] . We assume that J a is finite for each a ∈ K. It is easy to see that t · Ja = J a·t , for each t ∈ G, a ∈ K.
Ä ÑÑ 2.2º Let (π, u) be a covariant representation of the system (B, G, δ) and
and when B = C * (B), every non-degenerate representation of B δ,γ K is of this form. Conversely, if B = C * (B) and Π is a non-degenerate representation of a) , for each x 1 ∈ B 1 and a ∈ K, where 1 is the identity of G. Then, for each bounded approximate identity {x 1,i } of the C * -algebra B 1 , we may assume (passing to a subnet, if necessary) that {σ a (x 1,i )} is W OT -convergent, say to p a . We claim that {p a : a ∈ K} is an orthogonal family of projections in B(H Π ), satisfying the following relations: , a) , where the latter is defined in the W OT -sense. These are representations of c 0 (K) and B, respectively and, for each t ∈ G, a ∈ K, and
and (π × ν)(x, a) = π(x)ν(a) = Π(x, a).
Ò Ø ÓÒ 2.4º Let σ be a representation of B on H σ and λ : G → B( 2 (K)) be the quasi-regular representation of G, given by
and M be the multiplication representation of the algebra B(K) of bounded Borel measurable functions on K on (1 ⊗ ρ) , where ρ is the representation of M (K) on 2 (K) by right convolution [1] . Then (ν, V ) is a covariant pair, as it is equivalent to (1 ⊗ M, 1 ⊗ ρ) [1] , and the ranges of π and V commute as the same hold for the ranges of (σ ⊗ λ) • δ and 1 ⊗ ρ.
The corresponding integrated representation ((σ ⊗ λ) • δ) × (1 ⊗ M ) is called the regular representation of B δ,γ K and is denoted by Ind(σ).
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Ì ÓÖ Ñ 2.5º If δ is maximal, then an integrated representation π × ν on H is equivalent to a regular representation if and and only if there is a representation
Conversely, suppose that (ν, V ) is a covariant pair, for some V , such that ranges of π and V commute. By [1, Theorem 2.5], there is a Hilbert space K and a unitary isomorphism Ψ : H → K ⊗ 2 (K) which intertwines (ν, V ) and (1⊗M, 1⊗ρ). Putπ = Ad Ψ•π,ν = Ad Ψ•ν = 1⊗M , andV = Ad Ψ•V = 1⊗ρ. We need to find a representation σ :
, hence by the covariance of (π,ν) for (B, K, G, δ, γ R ) and the covariance of (ν, 1 Example 2.4] , and the fact that the ranges of π andV , and those ofV = 1 ⊗ ρ and 1 ⊗ λ commute, we have
Dual coactions
In this section we deal with the situation that G acts on a C * -algebra A and by α and co-acts on the * -algebra crossed product B = A α G by the dual coaction δ =α. It is well known that the coactionα is maximal. Lifting the action γ R of G on K to an action on c 0 (K), we have: 
P r o o f. Given t ∈ G, the algebra B t is given in terms of the universal covariant
if and only if the ranges of ψ and ν commute and (ν, W ) is a covariant representation of (c 0 (K), G, α). Hence the canonical embedding
, and so by Theorem 2.5, induces a homomorphism Λ from (
Clearly Λ is surjective. Now each representation of (A α G) α,γ K has the form σ × ν, for some covariant pair (σ, ν), where σ = ψ × W , for some covariant representation of (A, G, α). Since ranges of ψ and ν commute, ψ ⊗ ν is a representation of A ⊗ c 0 (K). Also (ψ ⊗ ν, W ) is covariant for γ ⊗ α, as (ψ, W ) is covariant for α and (ν, W ) is covariant for γ. Now one can easily check that
and so
which is carried by Λ into
CROSSED PRODUCT OF C * -ALGEBRAS BY HYPERGROUPS VIA GROUP COACTIONS Now H = ker(γ R ) ≤ G is a closed subgroup of G and by the classical imprimitivity of group actions, one has an imprimitivity (A ⊗ c 0 (K)) γ R ⊗α G-A α Hbimodule X, which gives a bijection 
